Vector vortex beams have played a fundamental role in the better understanding of coherence and polarization. They are described by spatially inhomogeneous polarization states, which present a rich optical mode structure that has attracted much attention for applications in optical communications, imaging, spectroscopy and metrology. However, this complex mode structure can be quite detrimental when propagation effects such as turbulence and birefringence perturb the beam. Optical phase conjugation has been proposed as a method to recover an optical beam from perturbations. Here we demonstrate full phase conjugation of vector vortex beams using three-wave mixing. Our scheme exploits a fast non-linear process that can be conveniently controlled via the pump beam. Our results pave the way for sophisticated, practical applications of vector beams.
Vector vortex beams are at the heart of many applications in optics, due to their more complex optical mode structure, described by anisotropic polarization states that are not spatially homogeneous in the transverse plane. They can provide crucial benefits in important applications, such as increased transmission rates in classical and quantum optical communications in free space [1] [2] [3] [4] [5] [6] [7] [8] , as well as in optical fibers [9, 10] . Unique approaches for enhanced-resolution imaging [11, 12] and remote optical sensing [13] [14] [15] have been demonstrated with vector beams. The radial vector beam has tighter focusing properties that have been used in nanoscale optical imaging [16, 17] and laser cutting [18] , while it's radial polarization boosts efficiency in tip-enhanced near-field spectroscopy and imaging [19] [20] [21] . While vector beams show much promise for interesting applications, the spatial mode structure of these beams can make them quite prone to distortions caused by turbulence or diffusive processes, while the polarization properties are degraded by dynamical optical birefringence, which can appear during propagation in optical fibers, for example.
As is well known, optical wavefronts suffer distortion during propagation in anisotropic media or multiple light scattering [22] [23] [24] , preventing focusing and imaging. One method to correct these perturbations is through phase conjugation, as was first reported in 1970 by Zeldovich et al. [25] . They observed that light emerging in reverse from a distorted glass displayed a spatial profile that was free from the distortions of the diffusive medium, after back scattering on a carbon disulfide (CS 2 ) gas cell, which functioned as a phase conjugating mirror (PCM). The PCM essentially realized the time reversal of the optical field, which allowed the distortions to be corrected when the field back-propagated through the medium. Wavefront correction by optical phase conjugation has been used to improve high-resolution imaging [26] and to construct laser oscillators [27, 28] . More recently, it was used in biological tissue to control waves in space and time [29, 30] , and is viewed as an essential component for long distance optical fiber communications with ultra-high bit-rate [31] .
Various techniques have been explored to produce a phase-conjugate beam, including degenerate four-wave mixing [24, [32] [33] [34] , backward stimulated Brillouin, Raman, and Rayleigh-wing or Kerr scattering [25] , as well as single-or multiphoton-pumped backward stimulated emission (lasing) [35] . Though most experiments have focused on spatial properties of the field, some have concerned phase conjugation of isotropic polarization states [24] . Phase conjugation of anisotropic vector fields was realized in Refs. [36, 37] in photorefractive media, however the required exposure time of 250s is typically much too long a time scale to correct wavefront distortions accrued during propagation.
Here we demonstrate phase conjugation of vector beams using Stimulated Parametric Down-Conversion (StimPDC), a three-wave mixing process [38, 39] . Stim-PDC has previously been used to realize phase conjugation in the transverse spatial profile [40, 41] , including light beams possessing orbital angular momentum [42, 43] . We employ an arrangement of non-linear crystals that produces an idler beam that is the phase conjugate of the seed beam, in both the polarization and spatial degrees of freedom. StimPDC presents a number of advantages as a phase conjugation process. First, the process is fast, occurring essentially in real time, as the emission is stimulated and therefore follows the seed frequency. This renders StimPDC as a promising technique for correcting dynamic distortions of optical beams in general. Second, we show that the polarization state of the pump beam provides convenient control parameters, allowing one to rotate the polarization states affected by phase conjugation and switch conjugation on and off.
Phase Conjugation Let us recall the differences between an ordinary mirror and a ideal PCM. While the ordinary mirror reverses only the normal component of the wavevector, the ideal PCM not only reverses the entire wavevector k, but also conjugates the field amplitude (phase profile: φ( r ⊥ ) → −φ( r ⊥ ); polarization: ε → ε * ). Fig. 1 a) shows a diverging beam incident on an ordinary mirror. After reflection, it continues diverging. On the other hand, the same beam incident on a PCM converges backwards towards the source, as illustrated in Fig.1 d) . This is equivalent to time reversal of the field. Thus, reflection upon a PCM is not specular, meaning that the angle of incidence is not equal to the angle of reflection. In terms of the polarization of the light beam, reflection of a circularly polarized field from an ordinary mirror and a PCM is illustrated in Fig. 1 b) and Fig.  1 e) , respectively. The reflected beam changes its circular polarization state from R(L) to L(R) when reflected from the ordinary mirror, but remains unchanged when reflected from the PCM, since the polarization is conjugated and also the wave vector is reversed. We can use this picture to infer what happens to a vector beam, as shown in Figs. 1 c) and f). There is no difference between specular and PCM reflection for linear polarization components. However, for circular components they are opposed. The PCM reflects an arbitrary and unknown input state conjugating all polarization states present in the transverse spatial profile. This cannot be achieved using specular devices without the previous knowledge of the input state. In this sense, phase conjugation can be used to restore arbitrary vector beams perturbed by propagation through some anisotropic and/or birefrin- gent medium. StimPDC differs from the ideal PCM considered in Fig.  1 in that it is a forward process, in which the pump, seed and idler all propagate in the forward direction. The generated idler beam displays the conjugate of the transverse phase profile of the seed laser beam (signal). In this process, the wavevector k is not reversed but rather reflected in the transverse plane.
Spontaneous three-wave mixing in two crystals We first demonstrate a polarization-conjugation device using StimPDC based on a two-crystal geometry, inspired by a spontaneous parametric down conversion (SPDC) source of polarization-entangled photons [44] as illustrated in Fig. 2 a) . The optical axes of the crystals are crossed, so that one of them emits vertically-polarized pairs of photons and the other emits horizontally-polarized ones. Here we focus on the polarization degree of freedom, so that pump, signal and idler fields will be treated as ideal monochromatic plane waves, which can be achieved using spatial and spectral filters.
Let us consider that the pump beam is described by the general polarization state |ϑ p , ϕ p = cos
where the extra phase −Φ is added to offset the phase accrued between the SPDC crystals. If light emitted by the two crystals is spectrally and spatially indistinguishable, the polarization state of the SPDC pair will be completely determined by the pump beam:
It will be convenient to define the orthonormal states
so that the SPDC state (2) can be rewritten as
where
The state (4) represents the possible polarization-state outputs for spontaneous emission from the two-crystal source.
Phase conjugation in stimulated emission In Stim-PDC, a seed beam stimulates the emission-say-in the signal mode, also stimulating emission in the idler mode, since the down-converted photons are produced in pairs. In order to maximize efficiency, the optical mode of the seed laser must match the desired signal mode. Let us consider the two-crystal configuration shown in Fig. 2 b) , where the seed beam is prepared with polarization state |ϑ s , ϕ s , which will stimulate signal photons also in polarization |ϑ s , ϕ s . As a consequence of the polarization correlations described in Eq. (4), which are imposed by the two-crystal configuration and phase matching conditions, this enhances the emission of idler photons with polarization |α given in Eq. (5) . If the stimulated emission rate in the idler beam is high enough, the spontaneous emission, which is always present, can be neglected, and the signal and idler fields are approximately described by coherent states.
It is illustrative to describe the polarization states using the Poincaré sphere, which has the circular polarizations at the poles and is a parametrization of the last three Stokes' parameters in spherical coordinates (ρ, θ, φ), as illustrated in Fig. 3 b) . The polar and azimuthal angles θ and φ are used to describe polarization in the circular {|R , |L } basis, similarly to how ϑ and ϕ describe polarization in the {|H , |V } basis (see equations (1) and (3) and Fig. 3 a) ). While the latter is a privileged basis for describing the coupling of light with the each crystal, the former has been conventionally used in the Poincaré representation and is also convenient for the geometrical interpretation of our results, as introduced below. Henceforth, we will refer to the Stokes vector S = (S 1 , S 2 , S 3 ) T , omitting dependence on the intensity parameter S 0 , which is not relevant to our analysis. On the Poincaré spheres, the polarization state |ϑ µ , ϕ µ has Stokes vector
where µ = p, s, i may represent pump, signal/seed or idler.
In two-crystal StimPDC, the idler polarization state |α is completely defined by the Stokes parameters of the pump and seed beams. Indeed, from equation (5), one can show that
The above equation is our first theoretical result and we will use it to analyze the polarization (vector) conjugation of the signal beam. Polarization conjugation in terms of Stokes vectors is defined as S * = (S 1 , S 2 , −S 3 ) T [24] . Comparing this definition with Eq. (7), we see that, if the pump beam polarization is linear diagonal (D) S p = (0, 1, 0) T , the idler is given by
equal to the conjugate of the polarization of the seed beam. As the conjugation flips only the sign of the third Stokes vector component, we can interpret this result geometrically in the following way: on the Poincaré sphere of polarization, signal and idler are mirror images of each other by reflection on the equatorial plane. Note that choosing the pump beam with linear antidiagonal (A) polarization S p = (0, −1, 0) T gives
so that signal and idler are mirror images of each other by reflection on the vertical plane S 2 = 0. In fact, there are many interesting intermediate polarization transformations that can be implemented by choosing different pump beam polarization states. The particular case of the pump beam containing equal amounts of H and V polarizations in a coherent superposition (ϑ p = π/2 or, equivalently, S p,1 = 0) is especially interesting, since the coupling to both crystals is the same. In this case, we may rewrite equation (5) as
where δ = −ϕ p /2. The relative-phase 2δ −ϕ s shows that, in the Poincaré sphere of polarization, the signal and idler beams are mirror images of each other upon reflection on a plane resulting from rotation of the equatorial plane around the H/V axis by an angle δ, as illustrated in Fig.  3 c) . [44] , though here we will perform polarizationdependent stimulated emission. A seed diode laser at 780 nm is aligned to the desired signal direction and stimulates the conversion to the wavelengths 780 nm (signal-direct stimulation) and 840 nm (idler indirect stimulation), in non collinear phase-matching, so that signal and idler directions of propagation form an angle of about 4 • . The polarization states of the pump and seed beams are prepared using a half-wave plate (HWP) and a quarter-wave plate (QWP) for each beam. This allows us to pump and seed the parametric down-conversion process with arbitrary and controlled polarization states. The polarization state of the idler field, which is indirectly stimulated, is analyzed by measuring its Stokes parameters. This measurement is realized with an adjustable polarization analyzer, consisting of a QWP, a HWP and a polarizing beam splitter (PBS). The idler is detected with a single-photon counting module(SPCM), in front of which there is 10 nm bandwidth interference filter centered at 840 nm. There is also a polarization analysis scheme for the seed, which is detected with a CCD camera.
Experiment -isotropic polarization states
We realized phase conjugation using the experimental setup sketched in Fig. 4 . We prepared the seed beam in six different polarization states and measured the corresponding idler beam polarization states, for both A-and Dpolarized pump beams. Full polarization tomography of the seed/signal and idler beams was performed and the Stokes parameters were extracted, and plotted on the Poincaré sphere.
Results for isotropic polarization states are illustrated using the Poincaré sphere, shown in Fig. 5 a) for a Dpolarized pump beam. We observe that seed (signal) and idler polarization states are located at opposite hemispheres, corresponding to phase conjugation. The conjugate of a given polarization state on the sphere is obtained by changing the sign of the latitude while keeping the longitude (θ −→ π − θ). Our results clearly illustrate this effect for both circular and elliptical states.
For a A-polarized pump beam, however, polarization conjugation does not occur, in the usual sense. Rather, the idler is close to the mirror image of the seed through the vertical plane S 1 S 3 , as shown in Fig. 5 b) . The ability to control phase conjugation is an interesting feature, in contrast to the conjugation of the spatial degrees of freedom, which always occurs.
For a more quantitative view, we plot idler versus seed/signal angular coordinates in the Poincaré sphere. The results (points with error bars) are shown in Fig. 6 along with theory (solid line). To compare polar (θ) and azimuthal (φ) coordinates, we assigned colors to each experimental point, with labels denoting polarization of the seed beam. In addition, in Table I , we list the fidelity [45, 46] of the measured idler's polarization state with respect to the theoretical prediction. All calculated fidelities lie between 80% and 94% with average of 86.3% for diagonal pump and 86.2% for antidiagonal pump. Our experimental results clearly demonstrate phase conjugation of isotropic polarization states. Discrepancies with theory come mainly from depolarization of the measured light, which we attribute to scattering on the crystals surfaces as well as spatial walk-off, which could be reduced by using thinner crystals.
Experiment -anisotropic polarization states We now show that this setup realizes phase conjugation of vector beams. A vortex half-wave plate (Thorlabs WPV10L-780) is placed in the path of the seed beam in Fig. 4 , which produces a radial vector beam containing only linear polarization, as shown in Fig. 7a ). The profile was measured and the arrows indicate the polarization states in the profile. To better illustrate phase conjugation of the vector beam, we apply a QWP to the radial beam so that a vortex beam containing both linear and circular polarization states are generated, as indicated in Fig. 7b ). This beam is used as the seed in StimPDC.
Figs. 7c) and d) show images of the doughnut-shaped intensity profile of the idler beam obtained in StimPDC when the pump beam is D-and A-polarized respectively. A signature of phase conjugation is the inversion of sense of rotation of the circularly polarized components (recall that both beams propagate forward).
The intensity profiles alone are not sufficient to show that phase conjugation occurs. To do so, we perform polarization measurements on the seed and idler beams, and examine the images of the resulting beams using a CCD camera. Fig. 8 shows images of the seed (column a) and idler (column b for D-polarized pump and column c for A-polarized pump) beams, upon projections on the linear polarization bases H/V (rows 1 and 2) and A/D (rows 3 and 4) and circular polarization basis R/L (rows 5 and 6). Phase conjugation of the vector beam can be observed more clearly by comparing the images from projection in the circular polarization basis. Figs. 8 5b) and 6b) present a diagonal(anti-diagonal) Hermite-Gaussian shape contrasting with the anti-diagonal(diagonal) shape of the seed in Figs. 8 5a) and 6a) respectively, showing phase conjugation, while Figs. 8 5c) and 6c) show antidiagonal(diagonal) Hermite-Gaussian shape, indicating no phase conjugation (again, recall that all beams propagate forward). At the same time, there is no difference between conjugation and no-conjugation, when the projections onto linear polarization bases are performed.
Conclusion Optical phase conjugation has concerned the preparation of a light beam that is the time reversal of another one in terms of its angular spectrum. Similarly, vector beam phase conjugation denotes time reversal that also includes the polarization degree of freedom. We demonstrate theoretically and experimentally the process of vector beam phase conjugation using three-wave mixing in a two-crystal source. The scheme is fast and can be conveniently controlled by manipulating the pump beam, and thus can be used in applications in which real-time corrections must be made to vector beams propagating in anisotropic and/or birefringent media. We expect our results to broaden the range of possibilities for the use of vector beams in real world applications.
